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Summary: After a brief introduction to the statistical mechanics of
polymers, it will be shown how abelian topological field theories of the
Chern-Simons type enter naturally in the description of a system of linked
polymers, solving the difficulties of previous approaches. A field theoretical
model of topological polymers will be presented and some of its physical
predictions on the statistical behavior of polymers in a solution will be
discussed.

Introduction
In more than fifty years of developments, quantum field theoretical methods have
become a powerful and reliable tool to study physical phenomena, as it is shown for
instance by their success in condensed matter and high energy physics. Calculations are
usually based on perturbation expansions organized by Feynman diagrams, which are
direct pictures of the world lines of the particles in space-time. If the metric of space-
time is taken to be euclidean, the world lines correspond to grand-canonical ensembles
of fluctuating lines. For this reason, euclidean quantum field theory becomes a
powerful tool for describing many physical systems whose properties are dominated by
line-like excitations. Examples are vortex lines in superfluid helium and
superconductors whose proliferation leads to the superfluid and superconducting phase
transitions, dislocation and disclination lines in crystals where they explain the process
of crystal melting.“]

The application to line-like systems was pioneered in the seminal work of Edwards
and de Gennes.”) Thanks to their results and successive developments, our knowledge
of the statistical properties of linear polymer chains and of polymer rings entangled with
various obstacles has reached a somewhat satisfactory stage. It is impossible to review,
in this short article, all important contributions to polymer physics based on the field

theoretic description, and it would be superfluous since concise and exhaustive reviews
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of the subject are available in the literature.””) Here we will limit ourselves to discuss
the statistical mechanics of interlocked polymer rings (IPR’s), also called catenanes in
the chemical literature.®] The construction of a self-consistent model of IPR’s in
solution at semi-dilute monomer concentrations beyond mean-field approximation was
a long-standing problem, which has been solved only recently. The details of the
construction of this model can be found in.”'"! In this report we shall briefly describe it

and emphasize its physical properties and predictions.!'''*!

Statistical Approach to IPR’s

Before we come to the technical details, let us first explain what our model is supposed
to describe and what is its range of applications. Polymers are complicated
macromolecules and so far it has been impossible to set up a single model for the
behavior of all polymer materials which can be produced nowadays. Here we consider
the statistical mechanics of long and flexible polymers in a liquid state, which may be
polymer solutions and melts. Polymers can exist in closed and open configurations, and
their coexistence will be taken into account, but cross-link formation will be neglected,
which would give raise to branched polymers. Moreover, we suppose that there are no
charged monomer units in the liquid, thus eliminating polyelectrolytes. Since we are
looking only for macroscopic properties, polymers will be treated as random chains
with finite step size a. Although the random-chain approximation neglects the rigidity
at the polymer joints, it is capable of capturing the large-scale features of a vaste class
of polymers by a suitably choice of the parameter a, for example, a=1nm for
polyethylene, or a=100nm for a strand of DNA. Due to the fact that we are dealing with
very long polymers, the size of a is always small in comparison with the total length of
the polymers. Thus, each polymer may be viewed as a continuous curve in the space.
The system is furthermore assumed to be in thermodynamic equilibrium and at a
constant temperature 7, described as a canonical ensemble. The fundamental problem to
be solved is the computation of the partition function Z, which can be written as a sum
over the set of allowed polymer conformations weighted by the Boltzmann factor exp(-
H/KT):

Z= Y exp(~H/kT) 1)

conformations

where H denotes the potential energy of the system, while £ is the Boltzmann constant.
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The potential energy in H contains all atomic and molecular forces acting on the
monomers. In principle, the forces are very complicated and should be treated with the
methods of quantum mechanics. However, since we are observing polymers at a
mesoscopic scale of distances, quantum interactions are averaged over several monomer
lengths and this leads to drastic simplifications. Experimentally, only the so-called
excluded volume interactions seem to be relevant as long as athermal systems are only
regarded. These are short-range and highly repulsive forces, which repel two polymer
segments when they are getting too close to each other. In a good approximation, they
may be described by a phenomenological two-body potential in which the repulsion
between two monomers is expressed in terms of a Dirac delta function.*®

An important property of polymer liquids is that they contain also a sizable percentage
of IPR’s, which are linked together in a topologically non-trivial way. This has a deep
influence on the characteristics of polymerized materials. For instance, there are
changes in the elasticity properties of rubbers. In biology, topological constraints pose
obstacles to vital processes in living cells, like DNA recombination and replication. The
macroscopic effects caused by topological constraints are of entropic origin: they occur
due to the fact that the topological entanglement of the trajectories limits the set of
allowed configurations of the system.

To specify the topological state of the IPR’s, to be denoted by Q, consider the simplest
kind of topological constraints. Suppose that there are N poiymers with trajectories
Py,...Py inside the liquid. We require that for each couple of trajectories P; and P;
(ij=1...,.N), P; winds around P; a given number m;; of times. The advantage of these
conditions is that the winding number between the two paths P; and P; can be explicitly

written as follows:

— — (;Ci - ij)
Z(Pl', Pj) = J.dxl- jdxj X m (2)
LA Y

Where J- denotes the line integral along the path P. Note that the winding number has
P

the form of a two-body potential of the Biot-Savart type. Indeed, it is possible to give a

magnetic meaning to it.["¥

The interpretation of x(P;P;) as a potential has a physical motivation which goes

beyond the topological origin. Topological interactions act on the monomers to keep the
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system of closed polymers in the given topological state Q. But the integral for y(P;P))
has a certain value also if the trajectories P;, P; are not closed, although it loses its
topological significance of being the winding number. In this case y(P;P;) can be
considered as a phenomenological potential which influences the entanglement of open
polymer chains.

It is remarkable that the winding number is the only link invariant with the form of a
two-body potential that can be constructed from a local gauge field theory of the Chern-
Simons type using the methods pioneered by Witten.!"! There exist more sophisticated
link invariants, but these are all related to higher-order interactions, which take into
account the collisions of three or more monomers at once. These interactions are
negligible unless the monomer density in the liquid is really high, which we shall

exclude here.

The Model

To keep notations as simple as possible, we suppose here that there are just two
polymers in our system, so that the topological constraints over their trajectories are
given by the condition x(P;P;) =m. The number m is allowed to take only integer
values if both polymers are closed. In this case, the above condition may be

implemented inserting into the partition function Z the Kronecker delta:

2z
dA .
Suppy = | 3o i 25 By) o
0

If one polymer has an open trajectory, one should impose the constraint using a
continuous Dirac delta-functions. The statistical mechanics of the above two-polymer
system may be translated into that of a magnetic system with vanishing internal degrees
of freedom.”'? Roughly speaking, in this passage one loses the notion of polymer
trajectories altogether and deals instead with monomer densities and currents. This is
analogous to the case of normal liquids where it is often preferable to work with
molecular densities and currents rather than following the orbital paths of all
molecules.

As we discussed in the previous Section, topological interactions have analogies with

magnetic interactions. In the present context, the charge is associated to the orientation
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of polymer trajectories. For instance, one could assign a positive charge to a monomer
located on a trajectory with a given orientation and a negative charge to a monomer
located on the same trajectory, but with opposite orientation. As a consequence, the
description of a system of two polymers requires charged fields y;, w‘; and v, ',
i=1,2. The monomer density and current of each polymer are given by pi=|y,|* and
Sy’ Vi), respectively, where S denotes imaginary part. In praxis it is convenient to
use multiplets of replica fields ¥;,'¥";, but due to the lack of space it will not be possible
to review the method of replica here.

To propagate the topological interactions corresponding to the potential (P, P;) we
need a theory which is similar to electromagnetism, but does not introduce any extra
energy in the system. Note our previous remark that topological constraints influence
only the entropy of the system, not the internal energy. These characteristics are
fulfilled by describing the topological interaction with the help of two vector fields
which are coupled to the polymers like a magnetic vector potential to a line-like current

and whose action is of the Chern-Simons type:
Ay =ik J' d3xa" . (Vxa®) )

Omitting all details of the derivation, the total action of the two-polymer model is given
by:

A=A+ i jd%cﬂ(v +iy ﬁ‘”)ﬂ/,\z + yf|\{fﬂ +a id&k}g]%ﬁ,\gf )
j=1 Jil=t

The coupling constants y; and v, depend linearly on the Chern-Simons coupling
constant

k and on the topological parameter A respectively. The parameter x; is the Laplace
conjugate variable of the polymer length Z;. In the limit g =0, polymers are allowed to

be infinitely long. Finally, a is proportional to a’.

Results and Conclusions

The microscopical model briefly described here leads to a self-consistent description of

polymers in solutions at semi-dilute monomer concentrations. At such concentrations it
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is sufficient to take into account only the collision probability of pairs of monomers,
disregarding higher-order interactions. An advantage of having a field theoretic
formulation is that in this way it is possible to apply powerful techniques already
developed in high-energy and condensed-matter physics, such as for instance
renormalization group theory.“G] Moreover, with the help of field theoretical methods it
is possible to investigate the properties of very long polymers forming complicated
topological states, a situation which becomes challenging for numerical simulations

since it requires a big amount of computer resources.l'” In principle, one could define a

formal partition function in which polymers are subjected to much more sophisticated

topological conditions than those used in this work. However, without a mapping into a

field theory, it would be hard to extract from such partition function any information

about the statistical behavior of the polymers by means of analytical calculations.

Let us conclude by listing some consequences of our model:

1) The model looks similar to a Ginzburg-Landau field theory of superconductors, with
a quartic interaction term which takes into account the excluded volume forces,
coupled to Chern-Simons fields. The latter propagate the forces of entropic origin
which keep the system in the given topological state.

2) The critical behavior of polymer rings subjected to excluded volume interactions is
not changed by the presence of topological constraints. This statement is based on
the common belief that the coupling of Chern-Simons field theories to another field
theory cannot modify the renormalization group equations of the latter. An explicit
check has been done however only in the semi-classical approximation.!'!]

3) Using the method of the effective potential, it has been possible to show that one
effect of the topological interactions is to screen the repulsive excluded volume
forces. As a consequence, IPR’s tend to get closer to each other than unknotted
polymer rings. This effect has been effectively observed in the case of the DNA of
bacteria.['®!

4) There are many analogies between IPR’s and topological defects. Multi-component
Chern-Simons field theories like that used here to describe the statistical mechanics
of IPR’s, have been studied in connection with topological defects and
spontaneously broken symmetries in.") The results of ! suggest that also the
physics of IPR’s may still yield unexpected and exotic phenomena of a non-
perturbative nature.

5) The scaling behavior of the total average square winding number <m”> of a polymer
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inside a solution has been calculated in.">!*! The result at the first few orders in the

polymer length L of the polymer is:
1
<m2> ~ AL + BI? (6)

[12,13]

where the exact values of the constants 4 and B have been computed in in terms of

the monomer density and other physical parameters. The above formula allows to

estimate the rate of link formations of a polymer in solution with other polymers.

[1] H. Kleinert, “Gauge Fields in Condensed Matter”, Vol. 1 and II, World Scientific Publishing,
Singapore 1989.

[2] S.F. Edwards, Proc. Phys. Soc. 1967, 91, 513.

[3] P.G. de Gennes, Phys. Lett. 1972, A38, 339.

[4] H. Kleinert, “Path Integrals”, World Scientific Publishing, 2" Ed., Singapore 1995.

[5] A.L. Kholodenko and T.A. Vilgis, Phys. Rep. 1998, 298, 251.

[6] T.A. Vilgis, Phys. Rep. 2000, 336, 167.

[71S. Nechaev, Int. Jour. Mod. Phys. 1990, B4, 1809.

[8] E. Wasserman, Jour. Am. Chem. Soc. 1960, 82, 4433.

[9] F. Ferrari and 1. Lazzizzera, Phys. Lett. 1998, B444,167.

[10] F. Ferrari, H. Kleinert and I. Lazzizzera, Int. Jour. Mod. Phys. 2000, Bi4,3881.

[11] F. Ferrari and 1. Lazzizzera, Nucl. Phys. 1999, B559, 673.

[12] F. Ferrari, H. Kleinert and I. Lazzizzera, Phys. Lett. 2000, A276, 31.

[13] F. Ferrari, H. Kleinert and I. Lazzizzera, Eur. Phys. Jour. 2000, B18, 645.

[14] S. F. Edwards, J. Phys. 1968, A1, 15.

[15] E. Witten, Comm. Math. Phys. 1989, 121, 351.

[16] H. Kleinert and V. Schulte-Frohlinde, “Critical Properties of Theories”, World Scientific
Publishing, Singapore 2001.

[17] A. Yu. Grosberg, Physics Uspekhi 1997, 40, 125.

[18] S. D. Levene, C. Donahue, T. C. Boles and N. R. Cozzarelli, Biophys. 1995, J69, 1036.

[19] M. de Wild Propitius, Topological interactions in Broken Gauge Theories, Ph. D. Thesis,
Amsterdam University, Amsterdam 1995.






